Several important proposals to use semiconductor quantum dots in quantum information technology rely on the control of the dark exciton ground states, such as dark exciton based qubits with a µs life time. In this paper, we present an efficient way to occupy the dark exciton ground state by a single short laser pulse. The scheme is based on an optical excitation with a longitudinal field component featured by, e.g., radially polarized beams or certain Laguerre-Gauss or Bessel beams. Utilizing this component, we show within a configuration interaction approach that high-energy exciton states composed of light-hole excitons and higher dark heavy-hole excitons can be addressed. When the higher exciton relaxes, a dark exciton in its ground state is created.
With their discrete energy states, semiconductor quantum dots (QDs) are designated to play an important role in solid-state quantum information technology [1] , for example as sources for single or entangled photons [2] [3] [4] [5] [6] or as realization of qubits [7] [8] [9] . For qubits, it is especially promising to use the dark excitons as information storage, since they exhibit extraordinary long life and coherence times [10] [11] [12] [13] [14] . Furthermore, dark excitons are important intermediate states in some state preparation protocols, e.g. for biexciton [15] or impurity spin preparation [16] .
The long lifetime of dark excitons is mainly due to the vanishing or very weak dipole coupling to the light field which, in turn, makes their optical generation challenging. Several workarounds have been developed to overcome this difficulty. By using a non-resonant cw excitation and a subsequent random optical charging of the QD excited biexcitons with various spin configurations are formed. After emission of a photon and subsequent phonon-induced hole relaxation certain spin configurations lead to the formation of a dark exciton [12] . Alternatively, a weak mixing between bright and dark exciton can be induced via an external magnetic field [17, 18] or is the result of a broken C 2v -symmetry of the QD [19] . This makes a direct optical excitation of the dark exciton possible [20] , however with an oscillator strength which is some orders of magnitude smaller than the absorption into the bright exciton. A (desired) increase of the optical excitation by a stronger coupling between dark and bright excitons is unevitably associated with a further (undesired) distortion of the spin character of the dark exciton resulting, e.g., in a decrease of the lifetime.
In this paper, we propose a scheme to circumvent this connection of absorption strength and spin distortion by moving the necessary spin coupling to higher excited states. There the spin coupling can be strong essentially without affecting the pure spin character of the ground states. In detail, our scheme utilizes suitable complex light fields with a strong longitudinal field com-ponent. Such field components can excite otherwise optically forbidden light-hole (LH) excitons. Valence band mixing couples those LH excitons preferentially to higher heavy-hole (HH) excitons involving a dark spin configuration, building strongly mixed higher exciton states. Due to their dark HH exciton contribution, these states will then relax by phonon emission into the dark HH exciton ground state. Our proposal complements studies on the great benefits of the use of higher QD exciton states [21] [22] [23] [24] [25] or complex light fields beyond Gaussian beams [26, 27] for QD based quantum information technology.
A key role for our excitation process is a component of the light field polarized in the growth direction of the QD sample. At normal incidence along the growth direction this corresponds to a component in propagation direction. While such a longitudinal field component is absent in plane-wave like fields and is very small in beams which are well described by the paraxial approximation, it can become dominant close to the beam axis in certain strongly non-paraxial or in tightly focused beams, such as certain Laguerre-Gaussian, Bessel or radially polarized beams [28] [29] [30] [31] . This dominance can be strong enough to safely neglect all but the longitudinal field components in the region close to the beam center. Such longitudinal components have been successfully used to probe single molecules [29] or to trap metallic Rayleigh particles [30] .
To provide a clear and well-defined theoretical description, here we consider Bessel beams, which constitute an exact and complete set of solutions to Maxwell's equations. They are propagation-invariant (non-diffracting) beams. Although strictly speaking Bessel beams have an infinite lateral extension because of their weak decay in radial direction, approximations of such beams have been realized in various experiments [32] [33] [34] [35] . Furthermore, it can be shown that the tight focusing of cylindrically symmetric vector beams typically also results in Bessel function-like field distributions in the transverse and longitudinal components [28] .
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with E(r, t) = 1 2Ẽ (r)e i(qzz−ωt) + c.c., where c.c. denotes the complex conjugate, the electric field of a Bessel beam readsẼ
with the Bessel function of first kind and -th order J , the electric field amplitude E 0 , the frequency ω and the wave vector components in propagation and radial directions, q z and q r , respectively. The latter quantities are related by q 2 z + q 2 r = (nω/c) 2 , n being the index of refraction of the medium. We consider a CdSe QD with n = 2.8 [36] and realistic highly non-paraxial (tightly focused) beams with q r /q z = 1 [37, 38] . A Bessel beam is characterized by the indices σ = ±1 and = 0, ±1, ... . Since for all Bessel functions J n with n > 0 the intensity of the beam profile has a minimum around the beam axis (thus at the position of the QD), there are only two types of beams with a high intensity at the QD: First, beams with = 0 and σ = ±1, which results in a predominantly transverse field component. Selection rules and spectra are similar to those of typical Gaussian (or plane wave like) beams. Second, beams with = ±1 and σ = ∓1, which results in a predominantly longitudinal field component. We note, that one can also superpose the two Bessel beam modes = ±1 and σ = ∓1 to a radially or azimuthally polarized beam, where the radially polarized beam also features the pronounced longitudinal field component [28] [29] [30] while the azimuthally polarized beam remains purely transverse [28] . In the following we will consider the absorption of the two cases of a transverse and a longitudinal field component.
We are interested in the optical excitation of a selfassembled QD, which has a disk-like shape of a few nm in size. The confinement of electron and hole states is modeled by a three-dimensional, anisotropic harmonic oscillator potential with confinement lengths L x , L y and L z . The electronic states are described within an envelope function formalism. Therein, the wave function is separated into a Bloch part and an envelope part. For the Bloch states, we take into account the HH valence band with a total angular momentum projection (or pseudo spin) of J h = ±3/2, the LH valence band with J h = ±1/2 and the conduction band for electrons with J e = ±1/2. According to the confinement, the envelope states are given by harmonic oscillator basis functions with their lowest-lying states just increasing in the in-plane quantum numbers. As usual, we group the states into s, p, d,. . . -shells. We will use small letters for HHs and capital letters for LHs. Excitons as well as their exciting transitions are indicated by the valence band to conduction band state involved (e.g. d → s is for the excitation of a HH from the d-shell to an electron in the s-shell). The Bloch part of the wave func-tion determines the spin selection rules. For transverse electric fields only electron-hole pairs with a total angular momentum projection of ±1 can be excited, i.e., HH±1 excitons with J h = ±3/2 and J e = ∓1/2 and LH±1 excitons with J h = ±1/2 and J e = ±1/2. Transitions into the "dark" HH±2 excitons with J h = ±3/2 and J e = ±1/2 and LH±0 excitons with J h = ±1/2 and J e = ∓1/2 are forbidden [12] . For longitudinal field components, new spin selection rules apply and the lighthole excitons LH±0 [27] can be excited, while HH±1, HH±2 and LH±1 are spin forbidden. The transitions between different shells are governed by the overlap integral of the envelope functions. Since the confinement lengths for conduction and valence band states are taken to be the same, envelope functions from different shells are orthogonal and only transitions between the envelope states from the same shell are possible. Exemplary transitions for an excitation with the transverse and longitudinal field are sketched in gray and green in Fig. 1 , respectively. Using a simple model of uncoupled electron-hole pairs inside the QD, we can calculate the corresponding absorption spectrum, which is shown in Fig. 2(a) for the two types of exciting beams. Here we have considered a QD with a size of (L x × L y × L z ) = (5.4 × 5.4 × 2.0) nm 3 and material parameters for CdSe as in Ref. [24] . The small lines at the bottom mark the positions of all states, which are in general multiply degenerate. We find that the corresponding spectra indeed match our expectations. More specifically, for the transverse field (bottom line) we see the s → s and p → p HH±1 transitions and the S → s LH±1 transition. For the longitudinal field (top line) only the S → s LH±0 transition is excited in the given energetic range, however, the strength is similar to the case of the transverse field excitation.
Valence band mixing and correlation effects induced by Coulomb interaction become important especially for higher exciton states [24] . To get a more realistic description of a QD, we extend the envelope function approximation by including the direct Coulomb interaction, the short range exchange Coulomb interaction as well as valence band mixing via the Luttinger Hamiltonian within a configuration interaction approach to obtain the exciton eigenstates of the QD. The interactions lead to a strong mixing of the electron-hole pair states. Details of the model can be found in Ref. [24] .
The corresponding spectra are shown in Fig. 2(b) for the two types of excitation discussed above. Below the spectra again all existing states are indicated. Many degeneracies seen in the uncoupled model, associated typically with different spin configurations, are now lifted. For example, at the ground state transition (s → s) a splitting into two levels appears, the lower one reflecting the two dark HH±2 and the upper one the two bright HH±1 excitons. Both doublets can be further split by breaking the cylindrical symmetry of the QD confinement. The lowest transition involving light-holes, S → s splits into three levels, a doubly degenerate LH±1 transition as well as two energetically separated states containing the LH±0 excitons, from which one is accessible by the longitudinal field.
Let us now turn to the spectra obtained by taking Coulomb interaction and valence band mixing into account. The first thing to notice is that all the transitions To better understand the observed spectra, in Table I we compare the dark groundstate exciton and the ones excited by the transverse and longitudinal fields (see Fig. 2(b) ). In addition, we provide the ratio R of dark (HH±2) to bright (HH±1) contribution and the relative brightness B. B is given by the ratio of the oscillator strength of the considered mixed state to the oscillator strength of the unmixed s → s exciton for transverse fields and S → s exciton for longitudinal fields. We note that while the dark and the bright HH s → s transitions exhibit almost no mixing, all other transitions have pronounced contributions from at least two different spin states. Especially the predominantly LH eigenstates have strong admixtures of energetically nearby HH states. This holds in particular for the transitions induced by the longitudinal field. For our QD geometry, the d → s HH exciton is energetically close to the S → s LH exciton, which leads to a strong mixing of d → s HH±2 and S → s LH±0. The transition labeled by S → s in the upper spectrum of Fig. 2 (b) is composed of 38.6% HH±2 and 10.1% HH±1, thus R = 3.8. Its relative brightness B = 47% is mainly caused by the 30% contribution of S → s LH±0. The other transition labeled by d → s in the upper spectrum of Fig. 2 (b) is composed of 47.9% HH±2 and 10.6% HH±1, thus R = 4.5, with a relative brightness B = 63% mainly caused by a 36% contribution of S → s LH±0.
The strong spin mixing observed in the full QD model builds the basis for our scheme to excite the dark exciton ground state. The scheme is sketched in Fig. 3 . As dis- cussed above, the valence band mixing causes a coupling between HH±2 and LH±0, leading to two mixed eigenstates. The LH±0 spin components of these eigenstates makes them accessible by the longitudinal light field. After excitation, higher excitons tend to relax into lower lying exciton states; a process which dominantly occurs via the emission of phonons typically on a timescale of a few hundred fs [23] . Spin flip processes via the coupling to nuclear spins [39] occur on a ns timescale and are therefore negligible. Since the emission of phonons does not change spins, the spin state of the initial and final eigenstate of a relaxation need to be similar (the overlap needs to be large). Since the HH ground states (s → s transitions) have very pure spin states of either HH±2 or HH±1 type (cf . Table I) , the relative contribution R between HH±2 and HH±1 within an excited eigenstate can be used to estimate the relative occupation between the HH±2 and the HH±1 ground states after relaxation. For an efficient mechanism to occupy the dark exciton ground state, the considered eigenstate should have a high value of R, but also a high brightness B, which is indeed the case for the S → s and d → s transitions excited by the longitudinal field.
To check whether the large values of R and B are specific for the chosen QD geometry, we performed parameter studies as in Ref. [24] on a variety of QD geometries. The obtained values of R and B are given for several realistic QD geometries in Tab. II. For each geometry, we considered two eigenstates: The one mainly consisting of S → s LH±0 and the brightest eigenstate mainly consisting of dark HH±2 spin contributions. While all scenarios provide suitable values for R and B, some geometries provide quite appealing combinations such as R = 110 and B = 20%. One should also note that the strength of valence band mixing can be adjusted by strain-tuning [40] . The proposed scheme is related to findings in Ref. [41] , where a small coupling between the dark HH±2 ground state and LH±0 was found to enable an optical recombination of the dark exciton ground state by emitting a photon in in-plane direction (polarized in z-direction). This recombination was identified as the main relaxation process of the dark ground state. However, the coupling is small, because S → s LH±0 and s → s HH±2 are strongly separated in energy. Considering higher excited HH-shells, like the d-shell, these couplings become strong and enable the proposed efficient scheme to excite the dark HH ground state.
In conclusion, we propose an efficient and viable scheme to initialize the dark exciton using a single excitation at normal incidence. Due to long lifetimes, such dark excitons are useful for information storage in quantum technologies. Our scheme utilizes light beams with a pronounced longitudinal component tuned in resonance to certain higher exciton states. These states are characterized by a strong valence band mixing between optically active LH±0 excitons and higher dark HH±2 excitons, which enables a large coupling to the light field and, at the same time, an ultrafast relaxation path into the dark exciton ground state. We showed in a parameter study using a configuration interaction approach, that our findings are not specific to a certain QD geometry but should appear rather generically.
